2-NILPOTENT REAL SECTION CONJECTURE 



KIRSTEN WICKELGREN 

Abstract. We show a 2-nilpotent section conjecture over M: for a geometrically connected 
curve X over M such that each irreducible component of its normalization has M-points, 
7To(X(M)) is determined by the maximal 2-nilpotent quotient of the fundamental group 
CNJ with its Galois action, as the kernel of an obstruction of Jordan Ellenberg. This implies 

^""^ that for X smooth and proper, X(M]* is determined by the maximal 2-nilpotent quotient 

of Gal(C(X)) with its Gal(M) action, where X(M)* denotes the set of real points equipped 
with a real tangent direction, showing a 2-nilpotent birational real section conjecture. 

cn 

; — I 1. Introduction 

o 

Grothendieck's section conjecture predicts that the rational points of hyperbolic curves 
^ over finitely generated fields are determined by their etale fundamental groups. Let X de- 

cs note a geometrically connected, finite type scheme over a characteristic field k, equipped 

S with a geometric point b : Spec O ^ X. Let k denote the algebraic closure of k in £1. There 

is a canonical lift of b to X^ = X x spcck Spec k and an exact sequence of etale fundamental 
^ groups 

"2 (1) 1 ^7ri(X^,b) ^7ri(X,b) ^ Gk^ 1, 

^ where = Gal(k/k) is the absolute Galois group of k, and all fundamental groups are 

^ based at the geometric points naturally associated to b HSGAIj IX Thm 6.1]. A rational 

O point X : Spec k ^ X induces a map tti (x) : G^ ^ 7ti (X, x), where tti (X, x) denotes the etale 

^ fundamental group of X based at the geometric point Spec k — > Spec k ^ X associated to 

•• X. View X and b as geometric points of X^ and choose a path between them, giving a path 

. !^ between x and b in X and an isomorphism (X, x) = tti (X, b) respecting the projections 

^ to G]c- Composing n-\ (x) with this isomorphism tc; (X, x) = tti (X, b) produces a section s : 

Gk ^ TTi (X, b) of Q, and a different choice of path will change the section to g i-^ As ( g) A"^ 
for some A in tti (X^^, b). Sections obtained from s in this way are said to be conjugate. Let 
S7r,(x/k) denote the conjugacy classes of sections of ([T]), and let X(k) denote the set of k- 
points of X. Given X and b as above, let k be the map 



K : X(k) ^ § 



Tti (X/k) 



just constructed. For X a smooth, proper curve of genus > 1 over a finitely generated 
field, Grothendieck's section conjecture, which is unknown, is that k is a bijection. 
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For k = M, the map k factors through 7ro(X(]R)), and the real section conjecture, saying 
that 

K:7ro(X(M)) ^S„^(x/R) 

is a bijection is proven, but non-trivial IIMoc03ll IISulOSP IIMil84P IICar91ll llPallH . This paper 



proves a 2-nilpotent real section conjecture, determining 7To(X(M)) from the maximal 2- 
nilpotent quotient of tti (Xc) with its GiR-action. 

For a (profinite) group n, let tt = [7t]i > [tiIz > [n]^ > . . . denote the lower central series 
of 7T, i.e. Nn+i = [Nn, 7r] (respectively Nn+i = [N^,?:]) is (the closure of) the subgroup 
generated by commutators of elements of [7r]n and n. Pushing out ([!]) by the quotient 
71] [X^y b) Til [X^y b)/[7ti [X^y b)]n yields an exact sequence 

(2) 1 ^ 7ti (X^, b)/[7ri (X^, b)], ^ Tt, (X, b)/[7ri (X^, b)]^ ^ G^ ^ 1 . 

Let k'^'^ be the map taking a k-potnt x of X to the section of ^ for n = 2 determined by 
k(x). 

Define curve to mean a pure dimension 1, finite type scheme over a field. A curve X 
over k will be said to be based if it is equipped with a choice of a geometric point whose 
image is a k-potnt of X or which is associated to a k-tangent vector based at a smooth 



point of a compactification of X as described in 2.1 The complex analytic space X(C) 
associated to a based curve X over M has a distinguished point or tangent vector based 
at a smooth point of a compactification, allowing us to apply the topological or orbifold 
fundamental group functors to X(C) or X[C]/Gr, giving maps k and k^*^ as above. This is 



also discussed in 2.2 



In the following theorem, X is a based curve over M, n denotes either the etale or topo- 
logical fundamental group of Xc or X(C) respectively, and tti (X) denotes either the etale 
or orbifold fundamental group of X or X(C)/G]k respectively. 

1.1. Theorem. — Let Xbea geometrically connected, based curve over M, such that each irreducible 
component of its normalization has R-points. Then k^^ is a natural bijection from 7ro(X(]R)) to 
conjugacy classes of sections of 

1 n/[n]i -> Tti [X]/[n]2 ^ Gk ^ 1 

which lift to sections of 

1 tt/Ns -> Tti (X)/[7r]3 ^ Gk ^ L 



Note that the assumption that X is based gives ^ a splitting, and that this implies that 
Theorem 1.1 says that the 2-nilpotent quotient 7r/[7r]3 of n with its GiR-action determines 
the connected components of X[R). The real section conjecture shows that n with its Gr- 
action determines the connected components of X[R) when the topological space X(C) 
is a K[n, 1), which is the case precisely when no component of the normalization of Xc 
is - see Remark 3.15 The proof of Theorem 1.1 given below is independent of the 



real section conjecture, although assuming it, one would be saved the trouble of proving 



Proposition 3.10 



2 



For X smooth and proper. Theorem 1.1 applied to smaller and smaller Zariski opens 
of X shows that X(]R) is determined by the maximal 2-nilpotent quotient of the absolute 
Galois group of the function field of Xc with its G]R-action. More specifically, for a geomet- 
rically integral curve X over k, and a field extension L/k, let L(X) denote the function field 
of Xl- For a smooth, proper, connected, based curve X over M, let X(M)='= denote the set of 
real points of X equipped with a real tangent direction, i.e. a vector in the tangent space 
of the smooth 1 -manifold X(]R) up to scaling by elements of ]R>o. The notation XflRj^*" is 
meant to indicate that after orienting X[R), the two tangent directions associated to each 
element of X(M) consist of the direction distinguished by the orientation and its negative. 
For any Zariski open U of X, there is a map X(]R)='' —) 7ro(U(]R)) given by taking a tangent 
direction to the connected component it is pointing towards. Note that the resulting map 
X(]R)='' |im^ 7to(U(]R)) is a bijection. It follows that a corollary of the 2-nilpotent real 
section conjecture is that X^Mj^*" is determined by Gir(x)/[Gc(x)]3 Gr. 



1.2. Corollary. — Let X be a smooth, proper, connected curve over M equipped with a chosen 
element ofX[M.)^ ^ 0. There is a natural bijection between X(M)^ and the conjugacy classes of 
sections of 

1 Gc(x)/[Gc{x)]2 — > GiR(xi/[Gc{x)]2 ^ Gm ^ 1 

which lift to sections of 

1 Gc(x)/[Gc(x)]3 — > GiR(x)/[Gc(x)]3 — > Gm — > 1. 



Corollary |1.2| is shown as Corollary |5.1| in section|5] 

Let G = Z/2 and EG denote a contractible topological space with a free action of G. For 
a sufficiently well-behaved topological space Y with a G-action, e.g. Y a G-CW complex, 
let Map(EG,Y) denote the function space of continuous maps EG Y equipped with 
the G action given by gf — gfg ^ The homotopy fixed points of G on Y are defined 
Y'^'^ = Map(EG, Y)*^ and there is a canonical map Y*^ Y'^'^ from the fixed points to the 
homotopy fixed points induced by the G-equivariant map from EG to the point. 

Let S7t,(Y/G] denote the conjugacy classes of sections of 

(3) 1 ^ TT ^ 71, (Y) ^ G ^ 1 

where n denotes the topological fundamental group of Y, based at some point not in- 
cluded in the notation, and tti (Y) denotes the orbifold fundamental group, which can be 
identified with the topological fundamental group of EG Y or with the group of au- 
tomorphisms of the universal cover of Y lying over an automorphism of Y induced by 
an element of G. There is a natural map 7ro(Y'^'^) (y/g)/ which is a bijection if Y is a 

K(7r,l). 

For X a geometrically connected, finite type scheme over M, the map k for the etale 
fundamental group is the composition 

(4) 7ro(X(C)G«) ^ 7ro(X(C)'^e') ^ S.,(x(c)/Gm) ^ Kwm 

where the last map is induced by the canonical isomorphism from the profinite comple- 
tion of (|3]) to ([T} IISGAIi XII Cor 5.2], and the map k for the topological fundamental group 
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is the composition of the first two maps of (|4]). For X(C) a K[n, 1 ), as in the section conjec- 
ture, the second map is a bijection. 



The Sullivan conjecture IISulOSi , proven by Miller IIMil84l , Dwyer-Miller-Neisendorfer 



IIDMN89II , Carlsson BCar91B , and Lannes IILan92ll , shows that the first map of (|4]) is a bijec- 
tion. Precisely, it says that the natural map from the p-completion of the fixed points to 
the homotopy fixed points of the p-completion is a weak equivalence for a finite p-group 
G acting on a finite G-CW complex. In particular, applying ttq to Y'^ Y^^, as in the first 
map, is a bijection for G = Z/2 acting on a finite G-CW complex Y |Car91[ Theorem B (a)]. 
So if one overlooks the map (x(C)/Gk) ~^ ^n, (x/r) coming from the map 7t — > tt^ from n to 
its profinite completion, or if one considers k for the topological fundamental group, the 



real section conjecture is ttq of Sullivan's conjecture applied to a K(7t, 1 ). Also see |Palll | 
for a nice proof of the real section conjecture in the etale and topological case which does 
not appeal to Sullivan's conjecture. 

It is not true in general that Sullivan's conjecture holds for the infinite symmetric prod- 
uct of a finite G-CW complex, nor that 



(5) 7ro((Sym~ Y)<^) ^ 7ro((Sym~ Y) 



is a bijection. The 2-nilpotent real section conjecture is proven by showing that for Y — 
X(C) with X a real based algebraic curve such that each irreducible component of its 
normalization has M-points, the map (|5]) is a bijection. This is the content of Proposition 



3.1[ Literally, Proposition 3.1 and Proposition show that 



7to((Sym~X(C))<^«) ^ 7to((Sym~ X(C))^^«) ^ S„,((Sym-x(c))/G«) 

is a bijection, but it is straight-forward to see from the Dold-Thom theorem and the spec- 
tral sequence HHGr, ttj (Sym~ X(C))) ^ 7rj_i(Sym~ XiQ]^^ llBK72l IX §4] that the second 



map is injective. Proposition 3.1 is shown by reducing to the case of a smooth curve and 



using the generalized Jacobian for which the map from fixed points to homotopy fixed 



points is a bijection on ttq - see Proposition 3.10 



The connection between ^ and Theorem 1.1 is that 7to((Sym°° X(C))'^'^«) is naturally 



identified with the conjugacy classes of sections of 

1 n/[n]2 Tti [X]/[n]2 ^ Gr ^ L 

The obstruction to lifting such a section to the two-nilpotent sequence is a quadratic form 
studied by Jordan EUenberg as an obstruction to rational points of a curve's Jacobian lying 



in the image of an Abel-Jacobi map [|E1I00| , and also studied by Zarhin [|Zar74| . Theorem 



1.1 was guessed by Jordan EUenberg in the proper, smooth case, as he told me after I had 
observed it held in several examples, and it can naturally be expressed in terms of his 
ideas in [EUOO]: a smooth based curve embeds into its generalized Jacobian by its Abel- 
Jacobi map. Those rational points y of the Jacobian which are the image of a point of the 
curve satisfy the condition that K(ij) lifts to a section of ([T]) where X denotes the curve. 
Filtering n-\ (Xc) by its lower central series provides a series of obstructions, the first of 
which is the quadratic form, here denoted 62 and discussed in Q 
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We give a topological interpretation of EUenberg's point of view in Section[6| construct- 
ing a diagram of finite Gk-CW complexes 

(6) Alba 



X(C) 



for an arbitrary geometrically connected curve X over M with a chosen real base point, 
such that Albz is a K(7ri (X(C))/[7ri (X(C))]3, 1 ), Albi is a K(7ri (X(C))/[7ti (X(C))]2, 1 ), q is 
a fiber bundle, and all maps induce the obvious quotient maps on topological funda- 
mental groups. Sullivan's conjecture gives an equivalence between Theorem and the 
statement that the connected components of the real points of the curve are those of the 
abelian approximation Albi which can be lifted to the 2-nilpotent approximation Alba. 
See Theorem 16. 5[ 

Relation to other work: Grothendieck's section conjecture is part of his anabelian 
conjectures predicting that certain schemes are determined by their etale fundamental 
groups. Birational variants of the anabelian conjectures replace Ttf by the absolute Ga- 
lois group of the function field. There has been considerable work describing varieties 
using small quotients of their fundamental groups or the Galois groups of their func- 
tion fields. Pop has shown a meta-abelian birational section conjecture over p-adic fields 
| |PoplOa[ . Bogomolov and Tschinkel developed an approach to recognize the function 
field of certain varieties using the 2-nilpotent quotient of the absolute Galois group. Work 
of Bogomolov, Pop, and Tschinkel shows that it is possible to recover the function field 
of certain varieties of dimension > 2 over algebraically closed fields from the 2-nilpotent 
quo tient o f the absolute Galois group [Bog91bJ [Bog91aJ [BT021 [BT08I | |PoplObf | |Popl2p 



see ||BT12[ and [Pop 11 1 for more discussion. There is also interesting work limiting when 



such minimalistic anabelian results can hold. Yuichiro Hoshi has found examples where 
any section of a pro-p homotopy exact sequence of the Jacobian lifts to a section of a pro-p 
homotopy exact sequence of the curve [|HoslO| . 
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also like to thank Florian Pop for suggesting that Theorem [LI ( 
birational result, as well as for many helpful comments. 



could be used to show a 



2. Preliminaries 



2.1. Review of tangential base points. It is convenient, and necessary for section |5| to al- 
low fundamental groups of curves to be based at tangent vectors at smooth points of 
compactifications. For the topological fundamental group, this is accomplished by not- 
ing that the fundamental group can be based at an inverse system of simply connected 
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subsets and that a tangent vector determines such a system BDel89[ Intro p 85 and §15]. 



For the etale fundamental group, a tangential base point can be defined as follows IIDel89[ 
§15] [|Nak99 |. Let X and X be geometrically connected curves over a characteristic field 
k, with X proper and X C X an open immersion. Let x G X(k) be a smooth point, so in 
particular, x could be a smooth point in (X — X) (k). 

A local parameter z at x gives rise to an isomorphism O^^ k[[z]], where O^^ denotes 
the completion of the local ring of x. The field of Puiseux series 

k((z^)):= Unez^^Ml^'^n) 
is algebraically closed, and the composition 

Speck((z^)) ^ Speck[[z]] = Spec^x,^ ^ X 

factors through the generic point of the component of X containing x, thus defining a 
geometric point of X. This geometric point is said to be associated to the tangent vector 

Speck[[z]]/(z^) ^X, 

given by the local parameter z. A path between geometric points is a natural transfor- 
mation between the associated fiber functors. For any two geometric points associated 
to the same tangent vector, there is a Gi^-invariant path between their canonical lifts to 
geometric points of X^, justifying the nomenclature. 



2.2. Kfor based spaces. For a topological space Y with a G-action, equipped with a G-fixed 
base point, there is a map 

consistent with k as defined in the introduction, where n denotes the fundamental group 
of the based space Y, defined by sending y G Y'^ to the twisted homomorphism 

(7) g^y"^(gy) 

for all g G G, where y is a path from the base point to y, and composition in the fun- 
damental group is written so that (gy) is the loop starting at the base point obtained 
by first traversing gy and then traversing y ^ It is straight-forward to check that the 
cohomology class of ^ is independent of the choice of y and that points in the same con- 
nected component of Y*^ determine the same cohomology class. The same definition of k 
holds when the G-fixed base point is replaced by an inverse system of simply connected 
G-stable sets. 

For a group or profinite group tt, let n^^ := n/[n]2 denote the abelianization of n. The 
map K*^^ is K followed by (G, tt) (G, Tt'^^) induced from the quotient n n^^. 

Let X denote a geometrically connected, finite type scheme over a characteristic field 
k, equipped with a geometric point b : Spec O ^ X and assume that the image of b is a 
k-point. Let k denote the algebraic closure of k in CI. For any x G X(k), the torsor of paths 
from the lift of b to X^^ to the lift x : Spec k ^ X^ of x has a canonical G^-action classified 
by the element of (Gk, tti (X,^, b)) represented by the cocycle 0, where y is any chosen 
path from b to x, and g is in G^. Sending x to this element gives a well-defined map 

X(k) ^H^(Gk,7ti(X^,b)) 
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consistent with the map k from the introduction. When k = M, this map factors through 
7to (X(]R) ), resulting in the map 

K:7ro(X(M)) ^ (GK,7ri(Xc,b)). 

For X a based curve, the torsor of paths from the lift of the base point to X^ to the lift of a 
k-point likewise has a Gk-action, and k is defined by the same formula. 



3. Abelian approximation 



Let X denote the forgetful functor from vector spaces over Z/2 to pointed sets, sending 
a vector space to its underlying set, pointed by the identity. Let V denote the left adjoint 
to X, called the free vector space on the pointed set. The unit is the canonical map of pointed 
sets (S, So) XV(S, So). 

Note that for a based curve X over M, the set 7to(X(]R)) is naturally pointed, as the base 
point either lies in a particular connected component or points towards one. 

In the following proposition, n can denote either the etale or topological fundamental 
group of Xc or X(C) respectively. 



3.1. Proposition. — Let X be a geometrically connected, based curve over R, such that each 
irreducible component of its normalization has R-points. Then 

K-^:7ro(X(M))^tf(GM,7r'^") 
is the unit of the adjunction (V,X) on the pointed set no{X{R)]. 



We first prove Proposition 3.1 when X is smooth, so make this assumption now: let X 



be a geometrically connected, smooth, based curve over M. 

Let Jac"^X denote the degree n generalized Jacobian of X, i.e. the degree n Picard 
scheme of X if X is proper, and the degree n Picard scheme of the one point compactifica- 
tion X+ of X for X non-proper; see appendix A There is a canonical map Sym"^ X — > Jac^ X, 
where Sym^ X denotes the n^^ symmetric product of X by composing | |SGA4nit XVII 
6.3.8.2] and the map (|25| of the appendix. For a coherent sheaf £, let V[£] = Spec Sym£ 
and¥[£]= Proj Sym £, as in IIEGAIIl 1.7.8] and lEGAIIl 3.1.3]. 



3.2. Proposition. — For n sufficiently large, 

Sym^ X ^ Jac^ X 

is given by V{£) Jac'^X (respectively F[£) Jac^X) for a non-zero locally free sheaf £ on 
Jac"^ X and X non-proper (respectively proper). 



Proof. For X proper, note that since X is based, we may choose an M-point b of X. By 
BBLR90i 8.1 Prop. 4], there is a unique universal line bundle V over X x Picx whose 
restriction to b x Picx is trivial. By [SGA4ni, 6.3.9] and IIBLR901 8.2 Prop 7], Sym'' X ^ 
Jac'' X is given by P(£) for £ a Cjac'^ x-iriodule of finite presentation. By Lemma A.l in the 
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appendix, V is cohomologically flat in dimension when restricted to X x Picx for large 
TL. By [BLR90', 8.2 Prop 7], this implies that is locally free and dual to 8 which is also 
locally free, where p : X x Picx PicJ denotes the projection. 



For X non-proper, a proof is provided as Proposition A.5 in the appendix, although the 
result is also well-known in this case. □ 



3.3. Corollary. — ]Nhen the real points of Sym^ X and Jac"^ X are given the analytic topology, 
Sym"^ X(]R) Jac"^ X(]R) is a vector bundle (respectively projectivized vector bundle) for n suffi- 
ciently large and X non-proper (respectively proper). 



3.4. Remark. Corollary 3.3 is an alternate way to see IIGH811 Prop 3.2 (2) n[W^) = tv[S'^X) 



for large d] and LBro96 , 2.7.4 C(D') ~ C(D)]. 

For notational simplicity, when X is proper, let X+ = X. 

Choose b' G X(]R) representing the distinguished element of 7ro(X(]R)). The point b' : 
SpecM X determines maps Sym'^X Sym^X x X ^ Sym^+^ X for n G Z>i. Since X is 
smooth, b' is a smooth point of X+, and therefore determines a degree 1 invertible sheaf 
C of rational functions with at worst a pole at b'. The sheaf C determines isomorphisms 
Jac"^X Jac"^^^ X corresponding to the tensor product of the puUback of C with a /the 
universal line bundle on X+ x Jac"^ X. These maps are compatible with the maps Sym"^ X 
Sym"^^^ X in the sense that the diagram 

Sym^X -Sym^+^X 

\ 

Jac^ X ^ Jac^+^ X 

commutes. Composing Sym^ X Jac"^ X with the isomorphism Jac"^ X Jac X obtained 
from the inverses of Jac"^ X Jac™^^^ X for m = n — 1 , n — 2, . . . , 0, we obtain maps 

(8) Sym'" X ^ Jac X 

which commute with the maps Sym"^ X Sym^^^ X. 

For n = 1 , the map ^ is the Abel-Jacobi map a : X ^ Jac X corresponding to the 
invertible sheaf C. Since Jac X is an abelian group scheme, a determines a map Sym"^ X 
Jac X, which recovers ^ for any n. 

As the maps ^ commute with X = Sym^ X Sym"^ X, the diagram 

Sym^X 




X ^ JacX 

commutes. Corollary |3.3| implies that: 
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3.5. Corollary. — For n sufficiently large, 7ro(Sym"^ X(M)) 7ro(Jac X(]R)) is a bijection. 

Let X(C), Sym'" X(C) and Jac X(C) denote the complex points of X, Sym'" X and Jac X re- 
spectively equipped with the analytic topology. The natural map from the n^^ symmetric 
power of X(C) to Sym"^X(C) is a homeomorphism, so both may be denoted Sym"^X(C). 
The maps Sym^X ^ Sym^+^ X produce maps Sym'^X(C) ^ Sym^+^ X(C) described as 
taking an n-tuple Xi x X2 x . . . x x^^ of C-points of X to Xi x X2 x . . . x Xn x b'. Let 
Sym°° X(C) — linj^ Sym"^ X(C) be the infinite symmetric product of the topological space 
X(C). The action of Gr on Sym"^X(C) extends to Sym°° X(C), and the natural map from 
lin^^ Sym"^ X(]R) to the fixed points of Sym°° X(C) is an isomorphism, where as above 
Sym"^X(]R) denotes the M-points of Sym^X equipped with the analytic topology We use 
the notation Sym~ X{R) for the fixed points of Sym~ X(C). The maps determine the 
commutative diagram 



(9) 



Sym°°X(C) 



X(C) JacX(C) 



and Corollary |3.5| shows: 



3.6. Proposition. — The map 7ro(Sym°° X(]R)) 7ro(JacX(]R)) resulting from ([9| is a bijection. 

The monoid 7to(Sym°° X(M)) is computed by the following proposition, whose proof is 
essentially contained in Proposition 3.2 of IIGH8H , which is credited to Shimura. 



3.7. Proposition. — Let X be a path connected, Hausdorff topological space with an action 
of G = Z/2 equipped with a G fixed base point. Assume that the path components of are 
closed in X^. Then the monoid structure on Sym°° X gives 7to((Sym°° X]'^) a Z/2 vector space 
structure, and 7ro((— )'^) applied to X ^ Sjm°° X is the unit of the adjunction (V,X) on the 
pointed set 7io{X'^). 



Proof. Let p in A" be the base point, and let t be the generator of Z/2. Points of Sym°° X are 
determined by finite unordered lists Xi , X2, . . . , x^^ of elements of X where two unordered 
lists correspond to the same point of Sym°° X if they are equal after removing all p's. G- 
fixed points are lists formed from xt G X^ and pairs x, tx for x E X. Let [p] in no[X^) 
denote the path component containing p. For a in 7io[X^), let X^ C X^ denote the cor- 
responding path component. Let Y be the subset of A" x A" of pairs (x, tx). Products of 
copies of Y and the X^ determine path connected subsets of (Sym°° X]'^ whose union is all 
of (Sym°° X]^. Note that such a path connected subset arising from a product with two 
factors of the same X^ intersects the path connected subset arising from the same product 
with the two factors of X„ replaced by Y. Note also that the path connected subset of 
(Sym°° X]^ arising from a product containing factors of X[p] intersects the path connected 
subset determined by the product with those factors removed. Thus the monoid struc- 
ture on Sym°° X gives 7ro((Sym°° X]^] a Z/2 vector space structure such that the elements 
{X„ : a G TioiX^] - [p]}span. 
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To show these elements are linearly independent, it suffices to show that the homo- 
morphism h„ : (Sym°° X]^ Z/2 taking a finite unordered list to the number of el- 
ements contained in X„ is continuous. Since [Sym°° X)'^ is canonically isomorphic to 
lin|(Sym"' X]^, it is sufficient to show that the restriction of to [Syia^ X)^ is contin- 
uous. Since X is Hausdorff, X^ is closed in X, and thus for all a' in no{X'^), Xg^i is closed 
in X. Thus products of copies of Y and the determine finitely many closed subsets of 
(Sym^ X)''^. Taking unions of these closed subsets as appropriate gives a decomposition 
of (Sym"^ X)'^ into closed and open subsets on which h„ is constant. 

□ 



Applying Proposition 3.7 io X = X(C) shows: 



3.8. Corollary. — The map 7ro(X(]R)) 7ro(Sym°° X(]R)) resulting from (|9| is the unit of the 
adjunction (V,X) on the pointed set 7ro(X(]R)). 



Combining Corollary 3.8 with Proposition 3.6 shows 



3.9. Proposition. — Let Xbe a smooth curve over M such that X(]R) ^ ^. Let a : X ^ Jac X he 
the Abel-Jacobi map corresponding to a basepoint b' G X(]R). Then 7to(X(]R)) 7ro(JacX(]R)) is 
the unit of the adjunction (V,X) on the pointed set 7ro(X(]R)). 

Let TTj denote either the etale fundamental group 7t^*(JacXc, 0) of JacXc based at the 
identity or the topological fundamental group 7t*£%JacX(C),0). Let kj : 7ro(JacX(]R)) 
(G]R, 7tj) denote the corresponding map k as in 



2.2 



3.10. Proposition. — The map kj : 7ro(JacX(]R)) H^(GiR,7rj) is a Z/2 vector space isomor- 
phism. 



The content of the proof of Proposition 3.10 is identical in the etale and topological 
setting using pVWlll §3.3, 4.1]. We give the etale proof with the modification for the 
topological case in parentheses. 



Proof. Let JacXc (resp. JacX(C)) denote the universal covering space of JacXc (resp. 
Jac X(C)), which is automatically an abelian group. The canonical exact sequence 

^ 7tj ^ Jac Xc Jac Xq ^ 
gives a short exact sequence of abelian groups with Gr action 

^ TTj ^ JacXciQ JacX(C) 

(resp. TTj ^ JacX(C) JacX(C) ^ 0). 
For notational simplicity, let 

^ Tij ^ Jac Jac 
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denote the previous exact sequence, in either the etale or topological case. Applying Tate 
cohomology gives the exact sequence 

(10) ...fi°(GM,jirc) ^ t''(GM,Jac) ^fi^(GM,7rj) ^ff (GM,jrc).... 

[2] 

Multiplication by 2 is a profinite-etale covering space Jac Xc Jac Xc (resp. covering 

space JacX(C) ^ JacX(C)), whence JacXc — > JacXc JacXc and JacXc JacXc 
are simply connected covering spaces of JacXc- Thus there is a unique lift of [2] to an 

isomorphism JacXc JacXc (resp. JacX(C) — > JacX(C)) sending the identity to itself, 
and this lift is multiplication by 2. See [|VWlll Prop. 3.1, Thm 3.1]. Thus multiplication 

by 2 is an isomorphism on Jac, and fi^(G]K, Jac) = for all i. Thus fi°(G, Jac) fi^G, 7tj) 
from ( |T0) > is an isomorphism. 

Let T denote the generator of Gr. The canonical map Jac X[R] A°(Gk, Jac) is a sur- 
jective homomorphism of abelian groups, with kernel (1 + t) Jac. Since 1 + t determines 
a continuous map JacX(C) JacX(]R) and JacX(C) is connected, (1 + t) Jac is con- 
tained in the connected component of the identity JacX(]R)° of JacX(]R). Since JacX(]R)° 
is a connected abelian real Lie group, its universal cover is given by its exponential map 
M'l JacX(M)°, where d = dim JacX(M)°. Since divisible, it follows that JacX(M)° 
is divisible, which implies that (1 + t) Jac = JacX(M)°. Thus JacX(]R) ft°(GK,Jac) 
determines an isomorphism ttq Jac X(]R) fi°(G]R, Jac) of abelian groups. 

Composing this isomorphism 7ro(Jac X(]R)) fi°(GK, Jac) with the isomorphism 

6''(GM,Jac)^fii(GK,7rj) 
from ( |Tol > yields kj, completing the proof. □ 



3.11. Remark. Proposition 3.10 also follows from the real section conjecture. The above 
proof is included in order to give a proof of the 2-nilpotent real section conjecture which 
is independent of the real section conjecture or Sullivan's conjecture. 



Proof of Proposition 3.1 for X smooth. Keep the notation from above that X is a smooth, ge- 
ometrically connected, based curve over M, n denotes either the topological fundamen- 
tal group of X(C) or the etale fundamental group of Xc, and b' G X(]R) represents the 
distinguished element of 7to(X(]R)). Let JacX denote the generalized Jacobian of X, and 
(X : X ^ JacX denote the Abel-Jacobi map corresponding to b'. Since b' is in the distin- 
guished path component of X(]R), there is a GiR-invariant path connecting b' to the base 
point. (In the etale case, b' will also denote a geometric point with image b'.) This path 
yields a GR-equivariant isomorphism n n', where n' denotes the appropriate funda- 
mental group based at b', and a commutative diagram 



7to(X(M)) 



7to(X(M)) 



(GM,7t) 



HnGM,7r') 
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where k' denotes the map of 2.2 with respect to the base point b' and k is based at b as 
in the statement of Proposition 3.1 Combining with the functoriality of k, we see that the 
diagram 



7to(X(M)) 



HnGM,7r) 



7ro(a(: 



7t, («), 



7ro(JacX(M)) 



commutes. The Abel-Jacobi map a induces tti (oc) : tt ^ 7tj which is the abelianization in 
either the etale or topological case P MoclOi Prop A.8 (iii)]. Thus k'^^ = kj o 7ro(a(]R)). By 

kt is an 



Proposition 3.9 7ro(a(]R)) is the unit of the adjunction (V,X). By Proposition 3.10 
isomorphism. Thus k'^'^ is the unit of the adjunction (V,X), showing Proposition 
smooth. 



3.1 



forX 

□ 



3.12. Hypothesis. — For notational convenience in the next two lemmas, we will say that 
a topological space X with an action of G = Z/2 satisfies hypothesis 3.12 if X is Haus- 
dorff, path connected and equipped with a G-fixed base point such that k'^^ : no[X^) 
}V (G, 7ti [X]"^^) is the unit of the adjunction (V,X) on the pointed set no{X^). We will say 
that a finite set of points D oi X satisfies hypothesis 3.12 if GD = D and there is an open 
neighborhood of D in A" that deformation retracts onto D. 



3.13. Lemma. — Let Xhea topological space with an action o/G = Z/2 and let D he a finite set of 
points of X both satisfying hypothesis 3.12\ Let ~ fee a G invariant equivalence relation on D and 
let y he the quotient of X formed by identifying equivalent elements o/D. Then k^*^ : 7ro(3^'^) — ^ 
(G, 7ti [y)'^^] is the unit of the adjunction (V,X) on the pointed set no{y^). 



Proof. Let t denote the generator of G. 



Suppose that D is order 4 and has the form D = {xi,X2,txi,tx2}. Suppose that ~ is 
the G invariant equivalence relation on D generated by Xi ~ xj. Since X^ 3^^^ is a 
homeomorphism, to verify the lemma in this case, it suffices to show that [G,n][X]] 

(G, 7ti (3^)) is an isomorphism. There is a pushout square 



D ^X 

Y y 

D' — -3^ 



where D' c 3^ is the image of D. This gives the exact sequence 

(11) ^ Hi [X] ^ Hi (3^) ^ Z(xi - xi) © Z(txi - TX2) ^ 0, 

where Z(xi — X2) © Z(txi — TX2) = Ker Ho(D) Ho(X) © Ho(D'), and H,^ denotes singular 
homology with coefficients in Z. As a Z[G] module, there is an isomorphism Z(xi — X2) © 
Z(txi — TX2) = Z[G], and in particular ( (TT| > splits. Applying H*(G,— ) to (11) shows that 
H^(G,7ti(A')) H^ (G, Tti (3^)) is an isomorphism as desired. 
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Suppose that D is order 2 and has the form D = {x, tx} with x ~ tx. The cofiber 
sequence D X ^ y gives the exact sequence 

^ Hi [X] Hi [y] Z{x - tx) -} 0. 

Applying H*(G, — ) gives the left exact sequence 

^ H^(G,7ti(A')) ^ H^(G,7ri(3^)) ^ Z/2(x-tx). 

Note that x and tx determine the same point y oiy and k^^ (ij ) maps to the generator of 
Z/2(x — tx). This gives the commutative diagram with exact rows 

(G, Til [X]] ^ (G, 7ti (3^)) ^ Z/2(x - tx) . 



. VnoilX)^) VnoHy)'') Z/2(-y) 

Since the left vertical maps is an isomorphism by hypothesis, it follows that 

Vnoiiyf] ^E\G, n,[y]] 
is an isomorphism, showing the lemma in this case. 

Suppose that D is order 2 and has the form D = {xi , X2} with xi ~ xi and xi , xi G X^. 
The cofiber sequence D ^ X ^ y gives the exact sequence 

^ Hi [X] Hi [y] Z(xi - X2) ^ 0. 

Applying H*(G, — ) gives the right exact sequence 

Z/2(xi - X2) ^ (G, Til [X]) ^ (G, Tti [y]) ^ 0, 

where the generator of Z/2(xi — X2) is mapped to Ki^(xi) — Ki^^(x2). By hypothesis, 
induces an isomorphism V7io[[X)'^) [G^n-\[X)), giving an isomorphism 

V{no[{Xf)/[x, ^ll\G,7i,[y)), 

where 7to((A:')'^)/(xi ~ X2) denotes the pointed set 7ro((A:')'^) with xi identified to X2. Since 
'^o{[^)^)/{'X■^ ~ ^2) is identified with 7io[[y]^] via X ^ y, we have that the map 

V7io{[yf]^}i\G,n,iy)) 

induced by Ky' is an isomorphism by functoriality of k. 

By induction on the order of D, it suffices to consider the three cases shown above. □ 



Let Xi be a topological space with an action of G = Z/2 and let Dt be a finite 

Suppose given a G 



3.14. Lemma. 

non-empty set of points of Xi for i = 1 , 2, a// satisfying hypothesis \3.12 



equivariant bijection f : Di ^ D2 and let y be the quotient of X-\ ]J X2 obtained by identifying 
points o/Di with their images under f. Then k^^ : 710(3^*^) (G, tti (J^)^*^) is the unit of the 
adjunction (V, X) on the pointed set 7to (J^'^ ) for any choice of G fixed base point. 



Proof. Let t denote the generator of G. Let Hi denote singular homology with coefficients 
inZ. 
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Suppose Di has order 1, and let x denote the point of Di. Note that tx = x. We may 
assume that x,f (x), and the image of x in 3^ are the chosen base points of X-^, Xi, and y 
respectively. Then 

and Ky' can be identified with the direct sum of kJ^ and k|?^, showing the lemma in this 
case. 

Suppose Di has order 2 and is of the form Di = {x, tx}. Let b,^ be the base point of X^, 
and let y denote a path from bi to b2. Note that the path Ty ^ o y from bi to itself deter- 
mines a non-trivial element of Hi [y). This element splits the Mayer- Vietoris sequence 

giving an isomorphism 

Hi [y] = Hi [X, ) © Hi [X2) © n^y-' o y). 
Let bi be the base point of y, giving an isomorphism 

V7to(3^'^) = Vno[X^] © Vnc,[X^] © Z/2(b2). 
Under these identifications Ky' is the direct sum of kJ^, k|^, and the isomorphism 

Z/2(b2) ^ H^ (G, Z(Ty-^ o y)) = Z/2, 
showing the lemma in this case. 



By Lemma 3.13 it suffices to consider the two cases shown above. □ 



Proof of Proposition 3.1 For a free abelian group C with an action of Z/2, the map on group 
cohomology H^(Z/2, C] (Z/2, C^) induced by the profinite completion £ ^ £^ is an 
isomorphism. (This can be checked with the cyclic resolution 

(12) ^ Z[Z/2] Z[Z/2] Z[Z/2] Z[Z/2] ^ Z ^ 

of Z as a Z/2 module. Note that = C^-lIJ^ and that Z^ is torsion free, whence flat over 



Z.) We may therefore reduce to showing Proposition 3.1 for tx. the topological fundamental 
group. 

We may assume that X is reduced. Every irreducible component of the normalization 



of X is a smooth curve with real points. By the above. Proposition 3.1 holds for each 



irreducible component of the normalization, after choosing a base point. By Lemma 3.13 



Proposition 3.1 holds for each irreducible component of X. By Lemma 3.14 Proposition 



Oholds for X. □ 



3.15. Remark. The hypothesis of Proposition 3.1 and the resulting hypothesis of Theo 
rem 



1.1| is different from the hypothesis of the real section conjecture, which is that the 
topological space X(C) be a K(7r, 1 ). The reason for this difference was discussed in the 
introduction - see the discussion near ([Sj. The difference itself is made explicit as fol- 
lows. The normalization X ^ X induces a continuous map 7t : X[C) ^ X(C) where X(C) 
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and X(C) are given the analytic topology. The map n factors through the quotient map 
q : X(C) ^ Y where Y is obtained by identifying points of X(C) with equal images under 
7t. The homeomorphism Y ^ X(C) shows that X(C) is homotopy equivalent to the wedge 
of the connected components of X(C) and a certain number of circles Since a wedge 
of K(7t, 1 )'s is a K(7r, 1 ), one sees that X(C) is a K(7t, 1 ) if and only if none of the connected 
components of X(C) are Pj.. 



4. 2-NILPOTENT OBSTRUCTION 



For a profinite group 7t, let 7t = [tt]] > [7r]2 > [7r]3 > . . . denote the lower central series 
of n, so [7t]n+i = [NnjTt] is the closure of the subgroup generated by commutators of 
elements of [7t]n and n. 

For an extension of profinite groups 

(13) 1 ^ 7t ^ 7t ^ G ^ 1 , 

the conjugacy class of a section s : G — ^ tt refers to the set of sections of the form 

g ^ ys(g)y"^ 

where y is in tt. 



Pushing out (13| by tt ^ 7r/[7r]n gives the extension 

(14) 1 ^ 7r/[7t], ^ Tt/Nn ^ G ^ 1 . 

Given a section s : G ^ 7t/[7r]2 of ([14]) for n = 2, there exists a section s : G ^ 7r/[7r]3 of 

(14 1 for n = 3 such that the composition G A n/ln]^, fil\ix\2 is in the conjugacy class of 
s if and only if the extension 

1 N2/N3 (Tt/Na) G ^ G ^ 1 

obtained by pulling back 

(15) 1 N2/N3 7r/[7r]3 n/Mi -> 1 



along s splits. When ( [13| ) is equipped with a splitting, the extensions ( [14l > inherit splittings, 
which induce bijections between H^G, 7r/[7r]n) and the conjugacy classes of sections of 
( |T4l >. Then for s as above, there exists s if and only if the class of s vanishes under 

62 : Hi(G,7t/[7t]2) (G, N2/N3) 
where 62 is the boundary map in continuous group cohomology from the extension ([15]). 

62 is quadratic with associated bilinear form given by the following cup product |Zar74[ 
p 242]: let 

[-,-] : n/inh ® n/inh N2/N3 

be given by [y, 5] = ySy^^S^^ where y, 5 in 7r/[7r]3 map to y, 5, respectively, in n/ijilj. 
(Since the choices of y differ by an element of the center, this map is well-defined on 
7r/[7r]2 X n/[n]2. Bilinearity follows from ||MKS04[ Thm 5.1 p. 290].) The cup product 

H^(G,7t/[7r]2) ® H^(G,7r/[7r]2) ^ H^(G, 7r/[7t]2 ® n/lnh] 
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can be pushed forward by [— , — ] to give a map 

(16) U\G,n/[n]2)®n\G,n/[n]2]^YL\GMi/[nh). 



4.1. Proposition (Zarkhin). — For all x,y in (G, Tt/Ni), 

62(x + y) = 62(x) + Sidj) + [-, -]*x U y . 



For 7t the etale fundamental group of a smooth, based, algebraic curve over a field and 
G the absolute Galois group, Jordan Ellenberg introduced and studied 82 as an obstruction 



to rational points of the Jacobian lying on the curve HEUOOI . 

For an abelian group C, let £ A £ denote the quotient of £ (g) £ by the relation i® 1 = 
for all £ in £. When G = Z/2, the pairing 

U : (G,£) ®tf (G,£) ^ H^(G,£ A£) 

induced by the cup product satisfies 

£U£ = 

by a straight forward computation, giving a natural map 

(G,£) AH^(G,£) ^tf(G,£A£). 

4.2. Lemma. — Let C he an abelian group or profinite abelian group with no 1-torsion and an 
action o/G = Z/2. Then the natural map 

H^G,/:) AH^(G,£) ^tf(G,£A£) 

induced by the cup product is injective. 

Proof. Let t denote the generator of G. Since G has order 2, (G, £) is a F2 vector space. 
The short exact sequence 

C C C/2C 

shows that 

H^(G,£) ^ H^(G,£/2£) 

is injective. Similarly, 

tf(G, £ A £) H^(G, £/2 A £/2) 
is injective. Thus, it suffices to show that 

(G,W) Atf (G,W) ^h2(G,WAW) 
is injective for any F2 vector space W with a G action. This map is described by 

[wi] A [W2] [wi ATW2] 
where is in the kernel of t + 1 : W ^ W, and [wj denotes the corresponding cohomol- 



ogy class via the cyclic G resolution of Z (12| [Bro94[ V §1 pg. 108]. 
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Note that (1 +t)('Wi Awi) = wi Aw2 + twi Atw2 = (wi +twi) Aw2 + twi A(w2 + tw2). 
Therefore, we have a map H^(G, W A W) (W/I) A (W/I) where I denotes the image of 
T + 1 : W ^ W. 

Let K denote the kernel of t + 1 : W ^ W. Since the automorphisms t + 1 and t — 1 of 
W are equal, (G, W) = K/I. The inclusion K "-^ W induces an injection K/I A K/I ^ 
W/I A W/I because W is a vector space. 

The commutative diagram 

HHG,W) AHi(G,W) — -H2(G,WAW) 



K/I A K/I ^ (W/I) A (W/I) 

gives the desired injectivity. □ 

Note that [— , — ] factors through ti/ItiIz An/[n]2 giving a map 

[-, -] : n/[n\2 A n/[nh N2/N3 
which will also be denoted by [—,—]. 

4.3. Lemma. — Let X be a geometrically connected, based curve over R and let n denote the 
etale or topological fundamental group ofXc, X(C) respectively. Then [— , — : H^(G]k, 7i/[n]2 A 
7t/[7r]2) H^(Gk, N2/N3) is injective. 

Proof. For a free abelian group C with an action of Z/2, the map on group cohomology 
H^Z/Z, C) W[Z/2, C^) induced by the profinite completion £ ^ £^ is an isomorphism 



(cf. proof of Proposition 3.1). Since n/[n]2 and [7r]2/[7r]3 are free abelian groups for tt the 



topological fundamental group of X(C), it suffices to prove the lemma in this case. 
By I Dwy 75[ Lemma 1.3], there is a right exact sequence 



(17) H2(7r) ^ H2(7r/[7r]2) ^ N2/W3 ^ 1 

for any group n, where H2 denotes group homology with integer coefficients. When 
Tt/Wi is a free Z-module, H2(7r/[7r]2) is canonically identified with 7t/[7r]2 A 7i/[n]2 and 



the surjection of ( |T7| is 



Since complex conjugation is orientation reversing, the canonical surjection H2(X(C) ) 
H2(7t) BBro94l Thm 5.2 p. 41] shows that Gr acts on H2(7r) by multiplication by — L Thus 
Gk acts on the kernel K of [— , — ] : 7r/[7r]2 A n/[n]2 N2/N3 by multiplication by — L 
Since n/[n]2 A n/[n]2 is free, so is K. Thus H2(Gk, K) — 0, giving the desired injection. □ 

Let X be a geometrically connected, based curve over M, such that each irreducible 
component of its normalization has M-points, and use 

1 -^7rf(Xc)->7tf(X)^GM^l 
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or 



for the extension ( [IS) , giving 62 as above. 



4.4. Theorem. — Ker 62 = Image k 



ab 



Proof. For any point p of X(]R), the image k(p) of p under k determines a section of 
( |T3l >, whence a section of ( [T4] > for n = 3. Thus 62(k'^'^(p)) = 0, giving the containment 

Image k*^^ C Ker 62. 



By Proposition 3.1 an arbitrary element of (Gr, ) is of the form xi + X2 + . . . + x 



where the xi are images under k'^'^ of n distinct elements of 7ro(X(]R)) none of which are 



the connected component distinguished by the base point. By Proposition 4.1 

") ]*^i U Xj . 



52(Xi +X2 + ... + Xn) = ^62(^0 + Y_ 

i=l l<t<j<n 

Since the Xi are images of elements of X(]R), 62 (^i) = for all i. If n > 1 , then Y_ 1 <i<j<n ^ 
Xj is a n on-zero element of (Gr, tx^^) A (Gr, n^^) by Proposition 
and 



4.3 



3.1 



it follows that Y.^<i<j<n^~^ — U Xj is a non-zero element of H 
n > 1 . Thus n = 1 for any element of Ker 82, showing Ker 62 C Image k*^^. 



By Lemmas 4.2 

(GM,N2/[7t]3) if 
□ 



Since k'^'^ is injective by Proposition 3.1 Theorem 4.4 implies Theorem 1.1 



5. BiRATIONAL 2-NILPOTENT REAL SECTION CONJECTURE 

In this section, U] will always denote the etale fundamental group. 

Let X be a smooth, proper, geometrically connected curve over M such that X(]R) ^ 0. 
Let X(]R)='= denote the set of real points of X equipped with a real tangent direction. 

Choose a local parameter z G M(X) at a point of X(M), and let b : SpecC((z'Q)) X 



be the associated geometric point, as in 2.1 Note that z embeds the function field R[X) 



into C[[z^)). Taking the algebraic closure of M(X) in C[[z^]] and considering the 
intermediary extension ]R(X) C C(X) gives 

(18) 1 ^ Gal(a^/C(X)) ^ Gal(a^/M(X)) ^ Gr ^ 1 

which should be viewed as an analogue of the homotopy exact sequence ([T]). The coeffi- 
cientwise action of Gr on C((z^)) defines a splitting of ( fTS) ). 

Given a second local parameter w and the associated geometric point 

x: SpecC((w^)) ^ X, 

choose an isomorphism = which is the identity on the inclusion of C(X) in 
both fields, determining an isomorphism Gal(02/]R(X)) = Gal(Ow/I^(X))- The map 
Gr Gal(nw/I^(X)) defined by the coefficientwise action of Gr on €((1^^)) then gives a 



18 



second splitting of ([18]). It is not difficult to check that the conjugacy class of the section 
determining this splitting depends only on the tangent direction associated to x and is 
independent of the choice of isomorphism = 

It follows that given b G X(]R)='= to be used as a base point, we obtain a map 

K : X(]R)^ ScaUX/M) 

where Scaux/R) denotes the set of conjugacy classes of sections of 

1 Gc(x) ^ Gk(x) — > Gr — > 1. 



The set of conjugacy classes of sections of the push-out sequence 

(19) 1 Gc(X)/[Gc(X)]n G]R(X)/[Gc{X)]n Gr ^ 1 

will be denoted by SQaiix/R) ' m > k the set of conjugacy classes of those sections 



of ( 19 1 for n = k which have a lift to a section of ( 19 ) for n 



ra will be denoted Sgt^ip^/jg) . 



Recall the notation that for a geometrically connected, based curve V over M, the set of 
conjugacy classes of sections of the homotopy exact sequence 

1 ^ Til (Vc) 7ti (V) ^ Gm ^ 1 

is denoted S^^ (v/r). The conjugacy classes of sections of 

(20) 1 ^ TTi (Vc)/[7ri (Vc)]n ^ 7ti [V)/[n, (Vc)]n ^ Gr ^ 1 



is denoted §>^^ ^y/jj) and the conjugacy classes of those sections of ( |20l > for n = k which have 



a lift to a section of (20 1 for n 



mis denoted §J^^{yRj. 



5.1. Corollary. — k gives a natural hijection from X[M.)^ to S^^^ 

Proof. For U a Zariski open of X, applying tti to the inclusion of the generic point gives a 
map Gr(x] Tti (U, b) HSGAIl V Proposition 8.1]. By functoriality of tti, for any V c U c 
X, we have compatible maps 

^Gal(X/R) ~^ SJ^^ (v/R) ~^ SJ^^ (u/R) 

Sn<— m , cn<~m , c?ti<— m 

Gal(X/R) ~^ "^Tt, (V/R) ~^ (U/R) 

for any n and m > n. These maps are compatible with k in that the diagram 

X(M)=^ ^ SgIux/r) 



im^7ro(U(M)) 



urn, , S„ 

-U "^1 



2^3 



commutes, where XflRj^*" 7ro(U(M)) sends an element of X^Mj^*" to the connected com- 
ponent the tangent direction points to, and where U runs over the Zariski opens of X. 



By Theorem 



1.1 



izontal arrow is a 



K : 7ro(U(]R)) S^Viu/r) ^ bijection, showing that the bottom hor- 
bijection. The left vertical arrow is a bijection by inspection. It thus 
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suffices to show that SQaUx/M) ~^ |™u ^n, (u/k) injective, which is equivalent to showing 
that (Gk, Ggx)) Imi^ Hi (Gk, tti (Uc)^*^) is injective HB?594l IV 2.3]. 

By |SGAI[ V Proposition 8.2] the natural map Gc(x) |im^^ n-\ (Uc, b) is an isomor- 
phism. It follows that Gqx) ~^ |HBu ^^^^ ^"^^^ isomorphism. Since |im is exact as a 
functor on inverse systems of compact abelian groups, the natural map 

(Gm, limTTi (Uc)"^) lim (Gm, [UcT'^] 
u u 

is an isomorphism, showing the corollary. □ 



6. 2-NILPOTENT TOPOLOGICAL APPROXIMATION 



Let X be a geometrically connected curve over M equipped with a base point in X(M), 
and let n denote the topological fundamental group of X(C). 

6.1. Abelian approximation. The action of n/[n]2 on itself by left translation gives an 
injective homomorphism 

Tt/Ni Affine(7t/[7t]2), 

where AfRne(7r/[7t]2) denotes the group of invertible affine transformations of the free 
abelian group n/[n]2. (The image of n/[7i\2 is contained in the subgroup of translations, 
but the notation is set up for the larger group.) Tensoring with M gives an action of 7r/[7r]2 
on n/[n]2 ®i M, and taking the quotient gives a model for K(7r/[7t]2, 1 ) denoted 

Albi = [n/[n]2)\[n/[n]2®zR). 

The Galois group G^ acts on n/[Tx\2, giving a linear action on n/[Tx\2 ®i M. For g G Gr 
and y G n/[Tx\2, we have an element gy of n/[Tx\2, and the equality g(yv) = (gy)(gv) for 
all V G n/[7x\2 ®z Thus Albi inherits a Ga-action. 

6.2. 2-Nilpotent approximation. Choose a set of generators xi , . . . , for n which are a basis 
for n/[n]2. Let s be the set-theoretic section of the quotient map q : 7t/[7t]3 n/[n]2 given 
by taking x^'x2^ ■ ■ -x^"^ in n/[n]2 to x^'x2^ ■ ■ -x^" in n/[n]s. The section s determines a 
bijection between 7r/[7t]2© N2/N3 and 7i/[n]s by sending v©z G 7r/[7r]2© N2/N3 to s(v)z. 
Via this bijection, the group law on 7i/[n]^ gives a composition law on n/[n]2 © N2/W3, 
denoted o. Let + denote addition on the free abelian group n/[n]2 © N2/N3. There is a 
bilinear pairing 

(-,-) : 7t/[7r]2 © 7t/[7r]2 ^ N2/N3 

such that 

vo-w = v + w+ (qv, qw), 

for V and w in n/[n]2 © N2/W3. Here and later, we slightly abuse the notation q by letting 
q also denote the projection n/[n]2 © N2/N3 —> n/[n]2. Thus the action of n/[n]s on itself 
by left translation gives an injective homomorphism 

n/[nh Afiine(7r/N2 © N2/N3) C Affine ((tt/N 2 © N2/N3) ©^ M). 
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For example, xi is sent to the ajffine transformation 

(ai,a2,...,an) x zi-^ (ai, ai + 1, . . . , a^) x (z- ai [xi,X2]). 

Taking the quotient of [tiIXtAi ® W2/ Ws) <E)z K by 7t/[7r]3 gives a model for K(7t/[7r]3, 1 ), 
denoted 

Alb2 = (7r/[7t]3)\((7r/[7r]2 [7t]2/[7r]3) ®z M). 

GiR acts on 7r/[7t]3. Give nl\i^i © N2/N3 the GK-action inherited from its bijection with 
7t/[7T]3. Since for all z G © [7r]2/[7t]3 we have zow = woz = w + z, it follows that 

g(vo w) = g((v + w) o (qv, qw)) = g(v + w) o g(qv, qw) = g(v + w) + g(qv, qw), 

(gv) o (gw) = (gv) + (gw) + (qgv, qgw). 

Since g(v o w) = (gv) o (gw) for g G Gr, we have that 

g(w + v) - g(w) - g(v) = (gqv, gqw) - g(qv, qw) 

is bilinear. Let Bg(v, w) = (gqv, gqw) — g(qv, qw) denote this bilinear form. It follows 
that 

(21) g(v) = lBg(v,v) + Lg(v) 

where Lg is a linear endomorphism of [tiI\t^t_ © N2/N3) ©^ Z[|]. In particular, the Gr 
action on n/[Tx\2 © N2/N3 extends to [n/[Tx\2 © N2/N3) ©^ IR- As above, the equality 
g(yv) = (gy)(gv) for all v G {n/[Tx\2 © [7r]2/[7t]3) ©z M, g g Gr and y G n/[Tx\i, implies that 
Gr acts on Alb2. 

The map Alb2 Albi induced by the projection q is a GR-equivariant fiber bundle with 
fiber K([7t]2/[Tc]3,1). 

6.3. Mapping X(C) to its approximations. Equip Alb2 with the base point induced by 
the origin of (7r/[7r]2 © [7r]2/[7t]3) ©z R, and say that a map between spaces with base 
points is pointed if the image of the base point of the domain is the base point of the 
codomain. Choose a pointed map f : X(C) kVoi such that the induced map f* on 

fundamental groups is the quotient. Let X(C) X(C) and Alb2 Alb2 denote the uni- 
versal pointed covering maps of X(C) and Alb2 respectively. Note that Alb2 Alb2 is 
(7r/[7r]2 © [7r]2/[7r]3) ©^ M — > Alb2, up to unique pointed isomorphism, where the origin 
is the base point of (7r/[7r]2 © [7r]2/[7r]3) ©^ There is a unique lift of f to a pointed map 

f : X(C) — > Alb2. For all y G 7t, we can view y as an automorphism of X(C) or Alb2, 

and the choice of f* implies that yf = fy. Give X(C) and Alb2 the GR-actions lifting those 
of X(C) and Albi and such that the base points are fixed under Gr. This GR-action on 
(7t/[7r]2 © N2/N3) ©z M is consistent with the one above. Let t denote complex conjuga- 
tion and note that TfT^ : X(C) KV02 is a pointed map such that the induced map on 
TTi is the quotient. Tfr"^ is the unique lift of xix~^ to a pointed map between the pointed 
universal covering spaces, and yxix~^ = TfT~V- 
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Define g : X(C) ^ [n/Mi ® N2/N3) ®z M = Albi by 

By the above, y acts by affine transformations on [n/[n\2 © Na/Na) ®z which implies 
that yg = ^yf + |yTfT^^ = ^fy + ^Tfx^V = 97- Thus, g induces a pointed map g : 
X(C) — > Albi such that g* the quotient map on fundamental groups. Since t acts linearly 

on the universal cover n/[Tx\2 ®i M of Albi, we have that qg : X(C) n/[Tx\2 ®i M is Gr- 

equivariant. Thus for any x in X(C), the points g and TgT^ are contained in the same fiber 
of q. The calculation ( [2T] > implies that t determines an affine transformation between the 

fibers of q : Alb2 Albi over qg(x) and Tqg(x) = qg(Tx). 

Define H : X(C) — > Albi by h = |g + ^TgT^^ As above, H induces a pointed map 
h : X(C) — > Alba such that H^, the quotient map on fundamental groups. Furthermore, 

tHt =T(-gT +-Tg) = -TgT + -g = h 

where the second to last equality follows because t is affine on the fiber over qg(T^x) for 

all X in X(C). Thus h, and h and GR-equivariant. Use the notation ai for h, so ai = H. Let 
a : X(C) Albi denote the composition of (Xi with the projection. The notation is chosen 
to recall that for the Abel-Jacobi map. 



6.4. Remark. X(C), Albi, and Alba can be given the structure of finite G]r-CW complexes 
in the sense of [|Bre67P ; by the main theorem of [I1178J, a smooth compact manifold with a 
Z/2 action can be given such a structure, showing the existence of finite Gr-CW complex 
structures for Albi, Alba, arid the complex points of the smooth compactification of the 
normalization of X. Removing and or identifying finitely many points of a finite Gr-CW 
complex yields a finite Gr-CW complex, so X(C) also has the structure of a finite Gr-CW 
complex. 

We obtain the commutative diagram of G]R-equivariant maps between finite Gr-CW 
complexes 

(22) Alba 




X(C) Alb 



and view Albi as an abelian approximation to X and Alba as a 2-nilpotent approximation 
to X. For X smooth and proper, integration gives a natural map from 7r/[7r]a to the C-linear 
dual of the global holomorphic one-forms on X, denoted H°(X, CI)* . This map extends to 
a GiR-equivariant M-linear isomorphism 

Albi = Tr/Na ®z K ^ H°(X,a)* 

which identifies Albi with the G]R-topological space underlying the complex points of the 
Albanese variety of X. Thus Albi in ( |22] > can be replaced with Jac X(C). The notation Alb 
comes from the view point that a 2-nilpotent approximation to X is analogous to a higher 
Albanese variety See IIHai87L l|HZ87L 
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Theorem 1.1 can be rephrased as the statement that the connected components of real 
points of the curve are those of the Albanese which can be lifted to the 2-nilpotent ap- 
proximation: 



6.5. Theorem. — Let Xbea geometrically connected, based curve over R, such that each irreducible 
component of its normalization has R-points. Let A\h^, AVoj, and a be as constructed above to 
obtain ( [22) >. Then a induces a bijection from 7to(X(]R)) to the image o/7To[Alb2") 7ro(Alb|^"). 



Proof By Remark 6.4 Albi is a finite Gr-CW complexes. By |Car91l Thm B(a)], the natural 
map 7to(Alb^*) TTotAlb',''^*) is a bijection. Since Albi is a K(7t/[7t]2, 1), the natural map 



7To(Albi Sjt, (Albi /Ge) is ^ bijection. Under these bijections, a is identified with k 

The same reasoning applied to Albi identifies the image of TtofAlbf^) 7ro(Alb^*] with 
the image of S„, (Aibj /Gr) 
equivalent. 



^Tti (Alb, /Gk 



. This shows that Theorem 6.5 and Theorem 1.1 



are 

□ 



6.6. Example. Let X = P]^ — {0, 1 , oo} equipped with a real base point b in (0, 1 ), say 'b = \. 
The fundamental group n is freely generated by xi and xi, where xi is represented by the 
loop t ^ e^"^V2 for t e [0, 1] and X2 is the image of Xi under the automorphism of X given 
by z 1-^ 1 — z. 

The set{xi,X2, [xi,X2]}is a basis for tt/NiQMi/Ns, so points of [n/[T[\i®[T^i/[7x\i)®iM 
can be labeled (ai, a2, an] G as an abbreviation for aiXi + a2X2 + ai2[xi,X2]. The action 
of 7t/[7r]3 on [n/Mi © N2/N3) ®i M is given by xi(ai, a2, ai2) = (ai + 1, a2, ai2) and 
X2(ai, a2, ai2) = (ai, a2+1, ai2-ai). Note that [xi,X2](ai, a2, an] = (ai, a2, au+l ) as well. 
It follows that Albs is the quotient of the unit cube in given by identifying the ai = 
face with the ai = 1 face via the translation xi, identifying the ai2 = face with the au = 1 
face via the translation [xi , X2], and identifying the a2 = face with the ai = 1 face via the 
translation-shear X2. The GR-action on Albs is given by (ai , a2, ai2) ^ (— ai , — a2, ai2). 

Alb2 is the torus given as the quotient of the unit square in [n/[7x\2] ®z 1^ with respect 
to the basis {xi , X2} by the translations (ai , a2) (ai + 1 , ai] and [a^^ai] ^ (ai , a2 + 1 ), 
and Gr acts by multiplication by — 1 . 

X deformation retracts GR-equivariantly onto the union of the two circles which are the 
images of the representative loops for xi and X2 described above, oci is the map taking the 
point e^™^/2 in the image of Xi to txi in Albs arid similarly for the points in the image of 

X2. 

Note that there are four Gr fixed points of Alb2 given by the 2-torsion points 

{(0,0),(1 0),(0,1),(1,1)} 

of Alb2, and that the first three lift to fixed points of Albs as they constitute the image of 
the fixed points of X in Alb2. The fourth point [\^\] does not lift to a fixed point of Albs as 
Gr acts on the fiber above ^) by translation by (0, 0, The fact that [\-,\] does not lift 
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can also be seen by applying Theorem 6.5 Example 6.6 is illustrated with figure [Tj The 
fixed points are shown in red. 



an 




Figure 1 . Approximations of P,^ -{0,1, oo} 



Appendix A. Generalized Jacobians 

Let k be a field and let X be a geometrically integral curve over k such that X is not 
proper. There is an initial object X ^ X+ among all open immersions X ^ X' from X 
to a proper curve X' such that X' — X is a single k-point. To see this: let Y denote the 
normalization of X, and denote the smooth compactification of Y. The curve Y^ can be 
described as the singular curve associated to the "modulus" Y.pe[y'-Y)(k) V on Y^by |Ser88[ 
IV §1]. The Gk-action on the push-forward of the structure sheaf of Y| to Y^ preserves the 
subsheaf given by the structure sheaf of Y^ , and it follows that the effective descent datum 
for Y^ determines an effective descent datum on Y^. This descent datum determines a k- 

k k 

curve, and it can be checked that this curve is Y+. Let Sx denote the singular locus of X and 
let Sy denote the inverse image of Sx in Y. The k-curve X+ is described by gluing Y+ — Sy 
to X along the open subscheme X — Sx = Y— Sy. Call X w X+ the one point compactification. 
For k = M, the complex points of X^ equipped with the analytic topology form the one 
point compactification of Xc(C) equipped with the analytic topology [MunOOi Thm 29.1]. 

Let Y be a geometrically integral, proper curve over k equipped with a k-point b. For 
instance, Y could be X+ because oo has residue field k. The Picard functor of Y is repre- 
sented by Picy = IJ Picy, where Picy represents the open and closed subfunctor of degree 
n line bundles. Picy is quasi-projective, separated, connected and smooth [BLR90, 9.3 
Thm 1]. Let p : Y x Picy Picy and p' : Y x Picy Y denote the projections. By |BL R90l 
8.1 Prop. 4], we have a unique universal line bundle V over Y x Picy whose restriction to 
b X Picy is trivial. 

A.I. Lemma. — For a coherent sheaf M. on Y, let Q he the coherent sheaf {-p'YM ®V on\ x Picy. 
Then: 
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(1) Q is flat over Picy. 

(2) For large n, the restriction o/R^p*^ to Picy is Ofor all i > 0, and locally free for 1 = 0. 

(3) For large n, the restriction ofQtoYx Picy is cohomologically flat over Picy in all dimen- 
sions. 



Proof. Q: Near any point of Y x Picy, note that Q is isomorphic to [\>'YM, which is flat 
because M is flat over Spec k. 

The 1 > case of (|2]): Since Y is projective, there is a relatively very ample invertible 
sheaf C for p : Y x Picy Picy. Let denote the n-fold tensor product of C. Let 
denote the restriction of ^ to Y x Picy. For a fixed k, there is N such that for n > N, we have 
RV*(^'' ® ^®'') = for all 1 > by lEGAIIIat Thm 2.2.1]. The invertible sheaf V ® C®"^ 
induces an isomorphism t : Picy PicY+^'^ such that 1*0^+"^^ = ® C®"^, where d 
denotes the degree of £. Since t*RV* [Q''^'^^] = RV* [t*Q^+'^^], we have that R'p.g^^'^'^ = 
for a fixed k, and all ra sufficiently large and i > 0. Taking k = 0,l,...,d— 1 shows that 
for m sufficiently large we have R'^p*^™^ = for all i > 0. 

(|3]): By the i > case of (|2]), the restriction to Y x Picy of R'^p*(^) for n sufficiently 
large is locally free for all i > ^. By I IEGAIII2] Prop 7.8.5] it follows that this restriction 
of Q is cohomologically flat in dimensions i > 1 . For a point z of Picy, let Q^. denote the 
pullback of G by the closed immersion Y^f^j = Y x Spec k(z) ^ Y x Picy corresponding to 
z. By IIEGAIIIal Prop 7.8.4], it follows that for a fixed for i > 1, the function z ^ di(z) = 
dimic{2;) H'^(Yk(z), ^z) on the points of Picy for n sufficiently large is locally constant. Since 
the Euler characteristic of Gz is locally constant [EGAIIIit Thm 7.9.4], it follows that do is 
locally constant when restricted to Picy for n sufficiently large. Since Picy is reduced, ^ 
follows from tEGAIIIij Prop 7.8.4]. 



The i = case of follows from ^ and HEGAIIIaj 7.8.5]. □ 



Now suppose that X is a smooth, geometrically connected curve over k such that X is 
not proper. 

The closed subscheme Spec k ^ X+ corresponding to 00 gives the short exact sequence 
of sheaves 

^ Xoo ^ Cx+ ^ Coo ^ 0. 

Applying (p')* and tensoring with V yields the short exact sequence 
(23) O^V® iv'T^oo ^P^V® [v'TOoo ^ 

since V is flat over Picx+. Let l : Picx+ — > X+ x Picx+ be the pullback of Speck X+ 
to Picx+. Note that L*Cpic^+ = (p')*C'oo, whence iXV = V ® (p')*Coo by the projection 
formula. 

By IIBLR901 8.1 Thm 7] and Lemma |Al]([T]), there are coherent sheaves F and M on Picx+ 



with functorial isomorphisms 

P*(^®Opi, M)=Hom[J^,M) 
V*[yXV ®Op;^^^ M) = nom[M,M] 
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for all quasi-coherent sheaves Ai on Picx+ . For large n, the restrictions to Pic5+ of J-' and 
Af are locally free and dual to and p*l,l*P = CV respectively by IIBLR901 8.1 Thm 7] 
and Lemma A.l| (|3]>. 



The surjection V i*i*V in (23 1 gives a natural map M ^ F. Applying p,, to (23 1 and 
restricting to Picx+ for large n gives a surjection p^,P i*V by Lemma A.l It follows 
that we have a split short exact sequence of locally free sheaves 



(24) 



^Af ^ ^ S ^0 



on Pic5+ for large n. Note that since J-' is locally free of high rank for large n, £ is non-zero 
for large n. 

Let Divx+ denote the functor taking a locally Noetherian scheme T over k to the closed 
subschemes D of X+ x T, flat over T, and with invertible ideal sheaf X (see BBLR901 8.2 p 
212]). The association D I^^ for D G Divx+ (T) determines a map 



(25) 



Div 



x+ 



PiCx. 



Let Divx+,oo be the functor taking T to the subset of Divx+(T) consisting of those closed 
subschemes containing oo X T. Define Divx+ = Divx+ Xpicx+ Picx+ and similarly for Divx+ oo- 



For a coherent sheaf M, let V(A^) 
l EGAIIl 1.7.8] and IIEGAIIl 3.1.3]. 



SpecSymA^ and P(A^) = Proj SymA^, as in 



A.2. Proposition. — Divx+ oo ^ Divx+ is represented by the closed immersion P(Coker(A/' 

Proof. Let 8 denote Coker(A/^ T). For large n, this is consistent with the definition given 
in ( [24| >. It is sufficient to show the claim after restricting Divx+,oo and Divx+ to functors over 
Picx+. Let T Picx+ be a scheme over Picx+. Let Vj denote the pullback of P to X+ x T, 
and let Afj, Tj, and £j denote the puUbacks to T of Af, T , and E respectively. We will let 
p, p' (resp. l) also denote their pullbacks to X+ x T (resp. T). For a point t : Spec k(t) T 
of T, let X^j^j be defined X+j^j = (X+ x T) Xy Spec k(t). For an invertible sheaf £, let Cr^ be 
the dual invertible sheaf Cr^ = Homc)(£, O). 

A section s : Cx+xt 'Pj induces a map 

which is an injection such that the corresponding closed subscheme D is flat over T if and 
only if the restriction of to X+^^j is injective for all t by [ lEGAIVs^ Prop. 11.3.7]. Since 

X^^j is reduced and irreducible, the restriction of to X^^j is injective if and only if it is 
non-zero. By the definition of J-", the set of such s is in natural bijection with morphisms 
J^T Oj which are non-zero on all stalks. By Nakayama's lemma, a morphism J'j Oj 
is non-zero on all stalks if and only if it is surjective. 

D contains oo x T if and only if the image of is contained in the ideal sheaf (p')*Xoo 
of oo X T. This occurs if and only if the image of s is contained in Vj ® [p'TIoo, which by 
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(23 1 occurs if and only if the composition of s with 



is 0. Thus, D contains cxd x T if and only if the morphism Oj corresponding to s is 

pulled back from a morphism Sj ^ Oj. 

It follows that the association s i-^ D induces a bijection between the set of elements 
D of Divx+,oo equipped with an isomorphism X 'Pj\ where X denotes the ideal sheaf 
of D, and surjections Sj Oj. Let Hom(£^T) OjY^^^ C Hom(£^T? Oj] denote the subsheaf 
of surjections. As the automorphisms of Vj^ are canonically isomorphic to the global 
sections r(X+ x T, O^+^j) = r(T, Oj), the association s i-^ D induces a bijection between 
the set of elements D of Divx+,oo such that X = Vj^ and r(T, RomiSj, Cij'^'jj/rfT, O*]. 

Since two invertible sheaves C] and £,2 on X+ x T induce the same map T Picx+ if 
and only if C^ » £2 ^ is pulled back from T IIBLR901 8.1 Prop 4], it follows that 



r{T,Rom{£j,Ojr'WO*j) = (Divx+ Xpie,^T)(T). 

Note that r[\}iom[£j,OjY^^'^^/Oj) is in natural bijection with the set of all equivalence 
classes of pairs of an invertible sheaf £ on T and a surjection (p : £j C where (£, q?) 
and [£', (p') are equivalent if there is an isomorphism d : C C such that cp' = 9(p. 
By [EGAIIi 4.2.3], it follows that the canonical closed immersion F{£) —) P( J^) represents 
Divx+,00 Divx+. □ 



A.3. Observation. — Let DivJ = Div5+ — Divx+ oo- It follows from Proposition A.2 and ( [24 l 
that for large n, the vector bundle V[S) represents DivJ. 



Let Sym"^ X denote the n^'^ symmetric product of X, as in ||BLR90l p. 252] 



A.4. Proposition. — There is a canonical isomorphism Sym"^ X = Divx. 

Proof. Sym"^ X represents the functor taking a locally Noetherian scheme T over k to the 
closed subschemes D of X x T with invertible ideal sheaf which are flat and finite over T of 
degree n by PSGA4nit 6.3.9]. For any such closed subscheme D, the immersion D ^ X+ x T 



is proper because both D ^ T and the diagonal of X+ x T ^ T are proper morphisms. It 
follows that D is also in Div5(T). Similarly, if D is in Divx(T), we have that D is a closed 
subscheme of X+ x T contained in the complement of 00 x T, whence D is in Sym"^ X(T). 
Thus, we have an identification of Sym^ X and Divx- □ 



Combining Proposition A.4 and Observation A.3 gives 



A.5. Proposition. — For X over k a non-proper, smooth, geometrically connected curve, 

Sym^X ^ Pic'^X+ 
is given hy V{S)for a non-zero locally free sheaf S on Pic^ for large n. 
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